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Based on the geometric-optics correspondence between the parameters of a quasinormal mode and
the conserved quantities along geodesics, we propose an equation to calculate the typical shadow
radius for asymptotically flat and rotating black holes when viewed from the equatorial plane given
by
R¯s =
√
2
2
√√√√ r+0
f ′(r)|r+0
+
√√√√ r−0
f ′(r)|r−0
 ,
with r±0 being the radius of circular null geodesics for the corresponding mode. Furthermore we have
explicitly related the shadow radius to the real part of QNMs in the eikonal regime corresponding
to the prograde and retrograde mode, respectively. As a particular example, we have computed the
typical black hole shadow radius for some well known black hole solutions including the Kerr black
hole, Kerr-Newman black hole and higher dimensional black hole solutions described by the Myers-
Perry black hole.
I. INTRODUCTION
Einstein’s general theory of relativity revolutionized
how we view time, space and gravity. This theory
has important astrophysical implications, perhaps the
most interesting prediction is the existence of BHs. The
strongest evidence to date are the recent experimen-
tal announcements the detection of gravitational waves
(GWs) [1] by the LIGO and VIRGO observatories and
the captured image of the black hole shadow of a super-
massive M87 black hole by the Event Horizon Telescope
collaboration [2, 3]. However there are many other as-
trophysical phenomena inferring their existence for ex-
ample the high-energy phenomena such as X-ray emis-
sion and jets, and the motions of nearby objects in orbit
around the hidden mass.
Gravity waves and BH shadows have opened a new
window in our understanding of the Universe. Based
on observations, in the near future, we can test many of
alternative theories of gravity. In addition, using high-
resolution images of BH shadows we can measure the
angular diameter the BH or detect tiny effects which are
out of reach of the present technology. Thus it remains
an open question if future astronomical observations
can potentially detect such important effects. Usually
there are three stages when we study the evolution of
binary black holes. The first stage is the so called inspi-
ral stage and has an inspiral phase signal which encodes
valuable information about the masses and the spins of
compact objects treated by the post-Newtonian approxi-
mation [5]. The second stage is the merger phase and de-
scribes the rapid collapse, say of two BHs to form a big-
ger BH [6–8]. Finally there is the ringdown phase is the
∗Electronic address: kimet.jusufi@unite.edu.mk
final stage and describes a perturbed BH that emits GWs
in the form of quasinormal radiation [9]. The perturba-
tion theory of Schwarzschild black hole and its stability
under small perturbations was studied in Refs. [10, 11].
Since then the perturbations or also known as the quasi-
normal modes (QNMs) have been investigated by using
other analytic and numerical methods [12–26].
On the other hand, the shadow of the Schwarzschild
BH was first studied by Synge [27] and Luminet [28]
then subsequently the Kerr BH was studied by Bardeen
[29]. At first it seems that there is no direct connection
between QNMs and shadow radius. However, it turns
out that such a connection in fact exists. To understand
this connection we fist note that Cardoso et al. [30] (but
see also Refs. [31, 32]) where the real part of the QNMs
is related to the angular velocity of the last circular null
geodesic. Later on Stefanov et al. [33] found a con-
nection between black-hole quasinormal modes in the
eikonal limit and lensing in the strong deflection limit.
In a recent work (see [35]), we have argued that is more
suitable to relate the real part of the QNMs with the
shadow radius in spherically symmetric and static black
holes. As we know the rotation is important in study-
ing the shape of the back hole shadow. In fact, mostly
of the BHs in the galactic center are expected to rotate,
hence determining the angular momentum is of crucial
importance. In this paper, we would like to extend the
connection between the shadow radius and the real part
of the QNMs for a rotating and asymptotically flat black
holes.
This paper is organized as follows. In Section II,
we review the shadow of rotating BHs obtained via
Newman–Janis algorithm. In Sec. III we will present
a method to compute the typical shadow radius based
on the correspondence between the shadow radius and
the real part of QNMs in the eikonal regime. In Secs. IV-
VI, we apply this method to obtain the shadow radius
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2for Kerr BH, KNBH and MP BH. In Sec. VII, we briefly
discuss the Teukolsky equation. Finally in Sec. VIII, we
comment on our results.
II. SHADOWOF ROTATING BLACK HOLES
Consider the rotating black hole spacetime given by
the metric [57]
ds2 =
(
1− 2Υ(r)r
Σ
)
dt2 + 2a sin2 θ
2Υ(r)r
Σ
dtdφ (1)
− Σ
∆
dr2 − Σdθ2 − [(r
2 + a2)2 − a2∆ sin2 θ] sin2 θ
Σ
dφ2,
where
Υ(r) =
r(1− f (r))
2
, (2)
along with
∆ = r2 f (r) + a2, (3)
Σ = r2 + a2 cos2 θ. (4)
The function f (r) in the metric encodes information
about the spacetime geometry of a particular solution.
In order to find the contour of a black hole shadow we
need to separate the null geodesic equations in the gen-
eral rotating spacetime metric (1) using the Hamilton-
Jacobi equation given by
∂S
∂σ
= −1
2
gµν
∂S
∂xµ
∂S
∂xν
, (5)
where σ is the affine parameter, S is the Jacobi action.
For this purpose we can express the action in terms of
known constants of the motion as follows
S = −1
2
µ2σ+ Et− Jφ+ Sr(r) + Sθ(θ), (6)
where µ is the mass of the test particle, E = pt is the
conserved energy and J = −pφ is the conserved angular
momentum. After we take µ = 0 one can obtain the
following equations of motion
Σ
dt
dλ
= a(J − aE sin2 θ) + r
2 + a2
∆
[
E (r2 + a2)− a J
]
,
Σ
dr
dλ
= ±
√
<,
Σ
dθ
dλ
= ±
√
Θ,
Σ
dφ
dλ
= (J csc2 θ − a E) + a
∆
[
E(r2 + a2)− a J
]
, (7)
where λ is the affine parameter, J is the angular momen-
tum of the photon, E is the energy of the photon and K
is the Carter constant. In addition we have introduced
< =
(
a2 E− a J + E r2
)2 − ∆ [K+ (J − a E)2] , (8)
Θ = K− (J csc θ − a E sin θ)2 + (J − a E)2. (9)
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FIG. 1 Shadow of Kerr black hole with M = 1, angular
momentum a = 0.9, and an inclination angle θ0 = pi/2.
The size and shape the black hole shadow is deter-
mined by the unstable circular photon orbits satisfying
the following conditions
<(r) = 0, d<(r)
dr
= 0,
d2<(r)
dr2
> 0. (10)
By using this condition the circular orbit radius rph of
the photon can be obtained and the parameters ξ ≡ J/E
and η ≡ K/E2 can thus be expressed as where X(r) =
(r2 + a2), and ∆(r) is defined by Eq. (3), while K is
known as the Carter separation constant. From these
conditions one can show that the motion of the photon
can be determined by the following two impact param-
eters (see [51])
ξ =
Xph∆′ph − 2∆phX′ph
a∆′ph
, (11)
η =
4a2X′2ph∆ph −
[(
Xph − a2
)
∆′ph − 2X′ph∆ph
]2
a2∆′2ph
. (12)
One constraint for the value of the photon’s circular
orbit radius is<(rph) > 0. The shape of the shadow seen
by an observer at spatial infinity can be obtained from
the geodesics of the photons and described by the celes-
tial coordinates
α = −ξ csc θ0, (13)
β = ±
√
η + a2 cos2 θ0 − ξ2 cot2 θ0, (14)
where θ0 is the inclination angle of the observer. Work-
ing in the case with θ0 = pi/2, in the present paper, we
3shall use the definition adopted in Refs. [37, 38] where
the typical shadow radius is defined in terms of the left-
most and rightmost coordinates
R¯S =
1
2
(
α+ − α−) , (15)
along with the condition β(r = rA) = β(r = rB) = 0.
The typical shadow radius is of major interest since it
represents an observable quantity. On the other hand,
there is no unique way to define this quantity as a result
different definitions have been used (see [39–56]).
III. CONNECTION BETWEEN SHADOW RADIUS AND
QNMS
QNMs are characteristic modes which encode impor-
tant information about the stability of the black hole un-
der small perturbations. In order to study these charac-
teristic modes one must impose an outgoing boundary
condition at infinity and an ingoing boundary condition
at the horizon. In general QNMs can be written in terms
of the real part and the imaginary part representing the
decaying modes
ωQNM = ω< − iω=. (16)
In a seminal paper by Cardoso et al. [30] it was shown
that the real part of the QNMs in the eikonal limit is in
fact connected with the angular velocity of the last null
geodesic. Furthermore the imaginary part was shown
to be related with the Lyapunov exponent [30]
ωQNM = Ωcl − i
(
n+
1
2
)
|λ|. (17)
Based on these equation Stefanov et al. [33] showed a
link between the QNMs and the strong deflection limit.
In particular they found that
Ωc =
1
θDOL
, λ =
ln r˜
2piθDOL
, (18)
in which DOL represents the distance between the ob-
server and the lens, θ gives the angular position of the
image that is closest to the BH and finally λ is the so-
called Lyapunov exponent and determines the instabil-
ity time scale. In Ref. [35] Jusufi showed a connection
between the shadow radius and the real part of QNMs.
It is straightforward to see this connection by adopting
the definition
θ =
Rs
D
, (19)
hence from (17) and (18) we can explicitly relate the real
part of the QNMs with the shadow radius [35]
Rs = lim
l1
l
ω<
. (20)
We point out again that this relation is accurate only
in the eikonal limit having large values of l. But one
can still use this relation in some cases even for small
l, for example to investigate the relationship between
the QNMs and shadow radius upon different physical
quantities (see, [36]) due to their inverse relation. No-
tice that an equivalent expression in terms of QNMs and
angular velocity was written in Refs. [31, 32] but no
explicit connection whatsoever between the shadow ra-
dius and QNMs was mentioned in those papers. From
the physical point of view, it is therefore interesting to
use Eq. (20) in studying various problems relating the
gravity waves and black hole shadow hole. Equation
(20) simply reflects the fact that for a distant observer
the gravitational waves can be treated as scalar massless
particles propagating along the last null unstable and
slowly leaking out to infinity. We point out here that
this correspondence is not guaranteed for gravitational
fields, for example in the Einstein-Lovelock theory even
in the eikonal limit this correspondence may be violated
(see, [34]).
In what follows, we shall argue a connection between
QNMs and shadow radius for the rotating black holes
metric. Let us start by writing the rotating spacetime
ds2 = gttdt2 + 2gtφdtdφ+ grrdr2 + gθθdθ2 + gφφdφ2,
(21)
and let us restrict attention to orbits in the equatorial
plane θ = pi/2 for which the appropriate Lagrangian
is
L = 1
2
(
gtt t˙2 + grr r˙2 + 2gtφ t˙φ˙+ gφφφ˙2
)
. (22)
The generalized momenta following from this La-
grangian are
pt = gtt t˙2 + gtφφ˙ = E (23)
pφ = gtφ t˙2 + gφφφ˙ = −J (24)
pr = grr r˙ (25)
From the above equations it is easy to obtain
φ˙ =
gtφE+ gtt J
g2tφ − gttgφφ
, (26)
and
t˙ = − gφφE+ gtφ J
g2tφ − gttgφφ
. (27)
Using the Hamiltonian
H = pt t˙+ pφφ˙+ pr r˙−L, (28)
and considering the null geodesics we obtain
r2Vr = r2E2 + a2E2 − J2 + (aE− J)2(1− f (r)), (29)
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FIG. 2 The typical shadow radius for the Kerr-Newman black hole for different values of electric charges and angular
momentum. We clearly see that increasing the electric charge the shadow radius shrinks.
where we have used Vr = r˙2. The conditions for the
existence of circular geodesics can be written as
Vr = V ′r = 0, (30)
thus we obtain the following relations
r2E2 + a2E2 − J2 + (aE− J)2(1− f (r)) = 0, (31)
and
2rE2 − (aE− J)2 f ′(r) = 0. (32)
Now the key point is to use the geometric-optics cor-
respondence between the parameters of a quasinormal
mode, and the conserved quantities along geodesics
[58]. In particular, the energy of the particle can be iden-
tified with the real part of QNMs, hence we can identify
E→ ω<, (33)
and the azimuthal quantum number corresponds to an-
gular momentum
J → m. (34)
In the eikonal limit in the rotating spacetimes we have
m = ±l, (35)
corresponding to the prograde and retrograde modes,
respectively. With these identifications we can therefore
write Eq. (20) as follows
ω±< = liml1
m
R±S
. (36)
Now let us introduce the following quantity
Rs =
J
E
(37)
and then combine this relation with Eq. (32), yields
2r− (a− Rs)2 f ′(r) = 0, (38)
which has the solution
R±s = a±
√√√√ 2r±0
f ′(r)|r±0
. (39)
In the last equation we have evaluated r at the point
r = r0, which gives the radius of circular null geodesics.
With this result in hand, from Eq. (31) we obtain
r20 −
2r0
f ′(r)|r±0
f (r0)∓ 2a
√
2r0
f ′(r)|r±0
= 0. (40)
Our aim is to compute the shadow radius, however
in general the shape of the shadow depends on the ob-
servers viewing angle θ0. In the case with θ0 = pi/2
we can adopt the definition (15) known as the typical
shadow radius which can be written as
R¯s =
1
2
(
R+s |r+0 − R
−
s |r−0
)
(41)
where r±0 is determined from Eq. (40). This relation
simply follows if we combine relation (13) along with
the definitions (15) and (37) and choosing the inclina-
tion angle pi/2. Now let us use the quantity given by
Eq. (41) then, a simple algebra from the last equation,
results with an equation for the typical shadow radius
R¯s =
√
2
2
√√√√ r+0
f ′(r)|r+0
+
√√√√ r−0
f ′(r)|r−0
 . (42)
To the best of our knowledge, this is new equation
and has not been reported before. It is important to
5m = 100 m = 100 Kerr
a ω−< ω
+
< R¯s
0.0 -19.24500897 19.24500897 3
√
3
0.1 -20.86329192 17.87819737 5.193256265
0.2 -22.81414428 16.70659753 5.184452475
0.3 -25.21936783 15.68985638 5.169375540
0.4 -28.27162422 14.79821770 5.147343015
0.5 -32.29695986 14.00922085 5.117211190
0.6 -37.90041288 13.30557023 5.077071505
0.7 -46.36584147 12.67371538 5.023553105
0.8 -61.07624270 12.10287853 4.949897520
0.9 -95.74679312 11.58437233 4.838370314
TABLE I The Kerr shadow radius against the angular
momentum.
mention that the roots of the above equation r±0 must
be chosen that both are outside of the horizon. Finally,
sometimes it may be useful to evaluate QNMs numer-
ically and to obtain the shadow radius in terms of the
real part of QNMs. For this purpose we can express the
typical shadow radius in terms of QNMs as follows
R¯s = lim
l>>1
m
2
(
1
ω+< |r+0
− 1
ω−< |r−0
)
, (43)
provided m = l. Alternatively we can set m = −l and
chose an appropriate definition to obtain the same re-
sult. As a limiting case we can consider the static space-
time when a = 0 implying ω+< = −ω−< = ω<, thus we
obtain Eq. (20).
IV. KERR BLACK HOLE
In this section we are going to calculate the typical
shadow radius for the Kerr black hole in the equatorial
plane having
∆ = r2 f (r) + a2 = r2 − 2Mr+ a2. (44)
Note that M is the mass of the black hole and a is the ro-
tation parameter defined by a ≡ J/M with J the angular
momentum of the black hole. Using the relation (42) we
find
R¯s =
1
2
r+0
√
r+0
M
+ r−0
√
r−0
M
 . (45)
where r±0 corresponds to the prograde and retrograde
mode and are determined by solving the equation
3r0M− r20 ± 2a
√
r0M = 0. (46)
In Table I we show the values for the typical shadow
radius using Eq. (42) for different values of the angular
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FIG. 3 The typical shadow radius for the Kerr black hole
against the angular momentum.
momentum a. In addition we have evaluated the real
part of QNM for m = l = 100 using
ω±< = liml>>1
m
a±
√
2r±0
f ′(r)|r±0
. (47)
The last equation is nothing but the one obtained
in Ref. [13] in the case of Kerr-Newman black hole.
From Fig. 3, we observe that the shadow radius de-
creases with an increase of the angular momentum.
Suppose a spinning black hole has an angular momen-
tum a = 0.9, this means a decrease of the shadow radius
∆R¯s = 0.357782110. We can estimate now the change
in the angular radius ∆θs = ∆RsM/D. In the case
of M87, for the supermassive black hole M87 mass we
have M = 6.5× 109M and D = 16.8 Mpc is the dis-
tance between the Earth and M87 center black hole. We
find ∆θs = 9.87098× 10−6∆Rs(M/M)(1kpc/D)µas =
1.366416092µas. In the case of Sgr A∗ black hole we have
M = 4.3× 106M and D = 8.3 kpc yielding a change in
the angular radius of the order ∆θs = 1.829655207µas.
As a special case we can obtain the shadow radius for
the Schwarzschild black hole. Letting a → 0 one has
r0 = r+0 = r
−
0 = 3M, yielding
R¯s = r0
√
r0
M
= 3
√
3M. (48)
Furthermore we can use (42) along with r0 =
2 f (r0)/ f ′(r)|r0 , to rewrite the last equation as follows
R¯s =
r0√
f (r0)
(49)
which is exactly the same result reported for the static
spacetime [35].
6a=0.2 m = 100 m = 100 Kerr-Newman
Q ω−< ω
+
< R¯s
0.0 -22.86350943 16.72920866 5.175675395
0.1 -22.86350943 16.72920866 5.175675395
0.2 -23.01429916 16.79788649 5.149127295
0.3 -23.27508381 16.91527287 5.104128545
0.4 -23.66197213 17.08616391 5.039439605
0.5 -24.20220158 17.31822837 4.953059103
0.6 -24.94164511 17.62335128 4.841824146
0.7 -25.96181391 18.02021646 4.700566946
0.8 -27.42534331 18.53970579 4.520045660
0.9 -29.74270581 19.23795448 4.280113360
TABLE II The real parts of QNMs and the shadow radius
for different values of the electric charge.
V. KERR-NEWMAN BLACK HOLE
In the case of the Kerr-Newman BH according to Eq.
(3) we can write
∆ = r2 − 2Mr+Q2 + a2, f (r) = 1− 2M
r
+
Q2
r2
(50)
Using Eq. (42) it is not difficult to obtain
R¯s =
1
2
 (r+0 )2√
Mr+0 −Q2
+
(r−0 )
2√
Mr−0 −Q2
 . (51)
in which the corresponding radius for the circular
geodesics can be found after solving the following equa-
tion
3r0M− 2Q2 − r20 ± 2a
√
Mr0 −Q2 = 0. (52)
For given values of M, Q and a we can find the
value of r±0 corresponding to the prograde and retro-
grade mode, respectively. In Table II we present our re-
sults for the values for the typical shadow radius against
the charge for a given value of the angular momentum.
We have also evaluated the the real part of QNM for
m = 100. From Fig. 4, we observe that the shadow ra-
dius decreases with an increase of the electric charge and
this result is verified in Fig. 2 by means of the geodesic
approach. But see also Ref. [55]. Finally as a special case
when a = 0 we obtain the shadow radius for the RN
black hole with
r0 = r+0 = r
−
0 =
1
2
(
3M+
√
9M2 − 8Q2
)
(53)
and
R¯s =
r20√
Mr0 −Q2
. (54)
We point out that QNMs in Kerr-Newman spacetime
have been studied in Ref. [12, 13].
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FIG. 4 The typical shadow radius for the Kerr-Newman
black hole against the charge. We have set M = 1 and a = 0.2.
VI. MYERS-PERRY BLACK HOLE
It is of considerable importance to investigate and ex-
tend this method to higher dimensional black hole so-
lutions. Rotating black hole solutions in d- dimensions
are known as Myers-Perry black holes described by the
following metric
ds2 =
(
∆− a2 sin2 θ
ρ2
)
dt2 − ρ
2
∆
dr2 − ρ2dθ2 (55)
−
[
(r2 + a2)2 − ∆a2 sin2 θ] sin2 θ
ρ2
dφ2
+
2a(r2 + a2 − ∆) sin2 θ
ρ2
dtdφ− r2 cos2 θdΩ2d−4,
where dΩ2d−4 denotes the standard metric of the unit d−
4 - sphere and
∆ = r2 + a2 − µr5−d, ρ2 = r2 + a2 cos2 θ, (56)
For simplicity, in the present paper we are considering
the simplest case having only one angular momentum
parameter a. Going through the same steps we can ob-
tain the equation for the radius of circular null geodesics
given by [30]
d− 1
d− 3 r
2
0 ± 2a
√
2rd−10
(d− 3)µ −
2rd−10
(d− 3)µ = 0. (57)
The conditions for the existence of circular geodesics
results with the following two equations
r2 + a2 − R2s + µr3−d(a− Rs)2 = 0, (58)
and
2r+ µr3−d(a− Rs)2 = 0. (59)
7evaluated at r0. Furthermore we are going to consider
the case of d = 5 since the equation simplify consider-
ably. The radius of the circular null geodesics (57) re-
duces to
r±0 =
√
2
√
µ± a√µ. (60)
Combining the last result from Eq. (58) we obtain
R±s = a±
2(µ± a√µ)√
µ
(61)
Finally for the typical radius we obtain
R¯s = 2
√
µ. (62)
In other words, we found that the typical shadow ra-
dius in the equatorial plane remains unaffected by the
rotational parameter a. In the case d = 5 the mass pa-
rameter µ can be written as µ = 8M/3pi. Working in
units µ = 1, we find R¯s = 2. This result is in per-
fect agreement with Ref. [59] where authors studied the
black hole shadow using geodesic approach.
VII. TEUKOLSKY EQUATION
An intuitive geometric correspondence between high-
frequency QNMs and angular frequencies in the Kerr
spacetime has been studied in Ref. [58]. One can con-
sider the radial Teukolsky equation in Kerr spacetime
using the separation of variables (see [58] for details)
u(t, r, θ, φ) = e−iωteimφur(r)uθ(θ) . (63)
Now at the relevant order in l  1, the angular equation
for uθ(θ) can be stated as follows [58]
1
sin θ
d
dθ
[
sin θ
duθ
dθ
]
+
[
a2ω2 cos2 θ − m
2
sin2 θ
+ Alm
]
uθ = 0 ,
(64)
with Alm being the angular eigenvalue of this equation.
The radial equation ur(r) reduces to [58]
d2ur
dr2∗
+Vrur = 0. (65)
in which
Vr =
[ω(r2 + a2)−ma]2 − ∆ [Alm(aω) + a2ω2 − 2maω]
(r2 + a2)2
.
(66)
It was shown in Ref. [58] that at the leading and next-
to-leading order one can find ω< by using the condition
Vr(r0,ω<) =
∂Vr
∂r
∣∣∣∣
(r0,ω<)
= 0 (67)
yielding
lim
l>>1
Ω0< =
a(r0 −M) µ
(3M− r0)r20 − a2(M+ r0)
, (68)
where µ and Ω< are defined as follows
µ =
m
L
, (69)
and
Ω< =
ω<
L
, (70)
in which L = l + 1/2. Working in the eikonal limit we
can therefore use µ = ±1, since liml>>1 L = l. Making
use of the inverse relation between the orbital frequency
and shadow radius Ω< = 1/Rs to finally obtain
ω< = lim
l>>1
m
Rs
. (71)
This is an alternative way of seeing the same problem.
One can use the last equation along with (15) and (68)
to find the typical shadow radius. This is precisely what
was done in Ref. [37]. In the present work, however,
we have explicitly related the shadow radius and the
real part of QNMs using the geometric-optics correspon-
dence and the conserved quantities along geodesics.
VIII. CONCLUSION
In this paper we have shown a connection between
the shadow radius and the real part of QNMs in rotating
BH spacetimes. This connection is obtained using the
correspondence between the parameters of a quasinor-
mal mode and the conserved quantities along geodesics.
For the typical shadow radius we have obtained an
equation given by Eq. (42) provided the observers view-
ing angle is θ0 = pi/2. Alternatively, we have argued
that one can express this result in terms of the real part
of QNMs given by Eq. (43). We have applied these equa-
tions to explore the typical black hole shadow radius for
the the Kerr black hole, Kerr-Newman black hole and
five dimensional Myers-Perry black hole. Our results
are consistent with the ones obtained via standard meth-
ods solving the geodesic equations.
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